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a b s t r a c t
For a simple connected graph G and an integer k with 1 6 k 6 diam(G), a radio
k-coloring of G is an assignment f of non-negative integers to the vertices of G such that
|f (u)− f (v)| > k+1−d(u, v) for each pair of distinct vertices u and v of G, where diam(G)
is the diameter of G and d(u, v) is the distance between u and v in G. The span of a radio
k-coloring f is the largest integer assigned by f to a vertex of G, and the radio k-chromatic
number of G, denoted by rck(G), is the minimum of spans of all possible radio k-colorings
of G. If k = diam(G)− 1, then rck(G) is known as the antipodal number of G. In this paper,
we give an upper and a lower bound of rck(C rn) for all possible values of n, k and r . Also we
show that these bounds are sharp for antipodal number of C rn for several values of n and r .
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A number of graph coloring problems have their roots in a communication problem known as the channel assignment
problem. The channel assignment problem is the problem of assigning channels (non-negative integers) to the stations in an
optimal way such that the interference is avoided, see [2]. The interference is closely related to the location of the stations.
Radio k-coloring of graphs is a variation of this channel assignment problem.
Let G be a simple connected graph with diameter q. For a given positive integer k with k 6 q, a radio k-coloring f of G is
an assignment of non-negative integers to the vertices of G such that for every two distinct vertices u and v of G
|f (u)− f (v)| > k+ 1− d(u, v)
where d(u, v) is the distance between u and v in G. The span of a radio k-coloring f , denoted by spank(f ), is themaximum in-
teger assigned by f to a vertex of G. The radio k-chromatic number, rck(G), of G is minf {spank(f ) : f is a radio k-coloring of G}.
Note that, the coloring f which gives the radio k-chromatic number has to use the color 0. The numbers rcq(G) and rcq−1(G)
are known as the radio number and the antipodal number of G, respectively. The concept of radio k-coloring was introduced
by Chartrand et al. in [1].
So far, radio k-chromatic number is known only for very limited families of graphs and specific values of k. Radio number
of Cn and Pn [12], C2n [10], P
2
n [11], Qn [7] and complete m-array trees [9] are determined. For k = n − 1, n − 2 and n − 3,
radio k-chromatic number of path Pn have been determined in [12,5,8], respectively. Kola and Panigrahi [6] have obtained
rcn−4(Pn) for odd integer n. In [4], Kchikech et al. have given an upper and a lower bound of radio k-chromatic number of
GG′, Cartesian product of two graphs G and G′. The rth power of a connected graph G, denoted by Gr , is the graph on the
same vertex set as G and two vertices u and v are adjacent in Gr if d(u, v) 6 r in G. The current status of rck(C rn) is given in
the table below.
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(n, r) Authors Values of k Radio k-chromatic number of C rn
(n, 1) Liu and Zhu [12] k = diam(C rn) Known for all values of n
Juan and Liu [3] k = diam(C rn)− 1 Known for all values of n except n ≡ 0(mod 4)
(n, 2) Liu and Xie [10] k = diam(C rn) Known for all values of n except some values of n
Current paper k = diam(C rn)− 1 Known for some values of n and bounds for the
remaining
(n, r) r > 3
Saha et al. [13] k = diam(C rn) Known for some values of n and bounds for the
remaining
Current paper k = diam(C rn)− 1 Known for some values of n and bounds for the
remaining
Current paper k 6 diam(C rn)− 2 Only bounds
In Section 2, we give a lower bound for radio k-chromatic number of an arbitrary graph in terms of some parameters.
Section 3 deals with bounds of radio k-chromatic number of C rn with r > 2 and presents the exact value of rcq−1(C rn) for
several values of n and r .
2. Lower bound for radio k-chromatic number
In the following theorem, we obtain a lower bound of radio k-chromatic number of an arbitrary graph.
Theorem 2.1. Let G be an n-vertex simple connected graph with diameter q. Let b be an integer such that d(u, v)+ d(v,w)+
d(w, u) 6 b for any three vertices u, v, w of G. Then rck(G) >

3(k+1)−b
2
  n−1
2

for every k with 1 6 k 6 q− 1.
Proof. Let f be a radio k-coloring of G and x1, x2, . . . , xn be an ordering of the vertices of G such that f (xj+1) > f (xj), for
1 6 j 6 n − 1. Then f (x1) = 0 and the span of f is f (xn). Since f (xj+1) > f (xj) for 1 6 j 6 n − 1 and f is a radio k-coloring
of G,
f (xi+1)− f (xi) > k+ 1− d(xi+1, xi), (1)
f (xi+2)− f (xi+1) > k+ 1− d(xi+2, xi+1), (2)
f (xi+2)− f (xi) > k+ 1− d(xi+2, xi). (3)
Adding (1)–(3), we get
2(f (xi+2)− f (xi)) > 3(k+ 1)− (d(xi, xi+1)+ d(xi+2, xi+1)+ d(xi+2, xi)). (4)
From the given condition d(xi, xi+1)+ d(xi+2, xi+1)+ d(xi+2, xi) 6 b and from (4), we have
2(f (xi+2)− f (xi)) > 3(k+ 1)− b, for all iwith 1 6 i 6 n− 2. (5)
Since f (xi+2)− f (xi) is an integer, the inequality (5) gives
f (xi+2)− f (xi) >

3(k+ 1)− b
2

, 1 6 i 6 n− 2.
Let us denote

3(k+1)−b
2

byM . Now we consider the following two cases according to n being even or odd integer.
Case I: Here we take n as an even integer. Since f (xi+2) − f (xi) > M for all i ∈ {1, 3, . . . , n − 3}, by summing them up, we
get f (xn−1)− f (x1) > n−22 M . Using f (xn) > f (xn−1) and f (x1) = 0, we finally get f (xn) > n−22 M .
Case II: In this case, we take n as an odd integer. Since f (xi+2) − f (xi) > M for all i ∈ {1, 3, . . . , n − 2}, by summing them
up, we get f (xn)− f (x1) > n−12 M . Now using f (x1) = 0, we get f (xn) > n−12 M . 
3. Bounds for radio k-chromatic number of C rn
In this section, q represents the diameter of C rn, V represents the vertex set of C
r
n and v0, v1, . . . , vn−1 are the vertices of
C rn in cyclic order.
Remark 3.1. For a cycle Cn: v0v1, . . . , vn−1v0 of length n,
(i) dCn(vi, vj) = min{|i− j|, n− |i− j|};
(ii) dC rn (vi, vj) =

dCn (vi,vj)
r

;
(iii) diam(Cn) =
 n
2

;
(iv) diam(C rn) =
 n−1
2r

.
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Remark 3.2. For any three vertices u, v, w of Cn, dCn(u, v)+ dCn(v,w)+ dCn(w, u) 6 n.
Lemma 3.3. If diam(C rn) = q, then n is of the form 2rq− r ′, where r ′ = −1, 0, 1, . . . , 2r − 2.
Proof. From Remark 3.1(iv), we have ⌈ n−12r ⌉ = q. Then n− 1 = 2rq− s, where s = 0, 1, . . . , 2r − 1. Therefore n = 2rq− r ′,
where r ′ = −1, 0, 1, . . . , 2r − 2. 
From here onwards, we write d(u, v) in the place of dC rn (u, v), for each pair of vertices u, v of C
r
n .
Lemma 3.4. Let n = 2rq−r ′ with−1 6 r ′ 6 2r−2. Then for any three vertices u, v, w of C rn, d(u, v)+d(v,w)+d(w, u) 6 b,
where
b =
2q+ 2, if r
′ = −1, 0, . . . , r − 3,
2q+ 1, if r ′ = r − 2, r − 1, . . . , 2r − 3,
2q, if r ′ = 2r − 2.
Proof. For any three vertices u, v, w of C rn , Remark 3.1(ii) gives dCn(u, v) = rd(u, v) − r1, dCn(v,w) = rd(v,w) − r2 and
dCn(w, u) = rd(w, u) − r3, where 0 6 r1, r2, r3 6 r − 1. Then one gets d(u, v) + d(v,w) + d(w, u) = 1r {dCn(u, v) +
dCn(v,w)+dCn(w, u)+ r1+ r2+ r3}. Now using the result of Remark 3.2, we have d(u, v)+d(v,w)+d(w, u) 6 n+r1+r2+r3r .
Since d(u, v)+ d(v,w)+ d(w, u) is an integer, we get
d(u, v)+ d(v,w)+ d(w, u) 6

n+ r1 + r2 + r3
r

=

2rq− r ′ + r1 + r2 + r3
r

, (from Lemma 3.3),
6

2rq+ 3r − 3− r ′
r

, (because0 6 r1, r2, r3 6 r − 1). (6)
Now substituting the values of r ′ in (6), we get the desired result. 
From Theorem 2.1 and Lemma 3.4, we get a lower bound of rck(C rn) in the theorem below.
Theorem 3.5. For any integer k with 1 6 k 6 q− 1,
rck(C rn) >

3(k+ 1)− b
2

n− 1
2

,
where q is the diameter of C rn and b is the same as in Lemma 3.4. 
Definition 3.6. In the table below, we define two integers p and p′ for different values of n.
n p p′
n ≡ 0(mod 4)  n4r   n−44r 
n ≡ 1(mod 4)  n−14r   n−54r 
n ≡ 2(mod 4)  n−24r   n−24r 
n ≡ 3(mod 4)  n−34r   n−34r 
The lemma below gives vertex arrangement in C rn satisfying some conditions which will be used in the proof of the main
theorem.
Lemma 3.7. There exists an arrangement x0, x1, . . . , xn−1 of the vertices of C rn such that the following hold.
(i) d(xi, xi+1) >

q, if i ≡ 0 (mod 2),
p, if i ≡ 1 (mod 4),
p′, if i ≡ 3 (mod 4),
(ii) d(xi, xi+2) >

p, if i ≡ 0, 1 (mod 4),
p′, if i ≡ 2, 3 (mod 4),
(iii) d(xi, xi+3) >

p, if i ≡ 0 (mod 4),
p′, if i ≡ 2 (mod 4),
where p and p′ are defined in Definition 3.6 and q is the diameter of C rn .
Proof. To prove this lemma, we consider three cases depending on different values of n.
Case I: In this case, take n an even integer. We define a mapping τ on {0, 1, . . . , n− 1} as
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τ(2i) =

i
2
, if i ≡ 0 (mod 2),
n+ r1
4
+ i− 1
2
, if i ≡ 1 (mod 2),
τ (2i+ 1) = τ(2i)+ n
2
,
where i ∈ {0, 1, . . . , n2 − 1} and r1 is the remainder of n when divided by 4. We show that τ is a permutation of{0, 1, . . . , n− 1}. Let S1 and S2 be the sets {τ(2i): i ≡ 0 (mod 2)} and {τ(2i): i ≡ 1 (mod 2)}, respectively. Since the largest
integer in S1 is
n+r1
4 − 1 and the smallest integer in S2 is n+r14 , S1 ∩ S2 = φ. All the elements in S1 are distinct and so are in S2.
One can check easily that S1 ∪ S2 = {0, 1, . . . , n2 − 1}. Note that, from the definition of τ , {τ(2i+ 1): i = 0, 1, . . . , n2 − 1} ={x+ n2 : x ∈ S1 ∪ S2}. Hence the range of τ is {0, 1, . . . , n− 1} and so τ is a permutation of {0, 1, . . . , n− 1}. Let us consider
xi = vτ(i), i ∈ {0, 1, . . . , n− 1}. Since d(u, v) =

dCn (u,v)
r

, we have the following.
d(xi, xi+1) =

 n
2r

, if i ≡ 0 (mod 2),
n− r1
4r

, if i ≡ 1 (mod 4),
n+ 4− r1
4r

, if i ≡ 3 (mod 4),
d(xi, xi+2) =


n+ r1
4r

, if i ≡ 0, 1 (mod 4),
n+ r1 − 4
4r

, if i ≡ 2, 3 (mod 4),
d(xi, xi+3) =


n− r1
4r

, if i ≡ 0 (mod 4),
n+ 4− r1
4r

, if i ≡ 2 (mod 4).
Since
 n
2r
 = q, p = min  n−r14r  ,  n+r14r  ,  n−r14r , p′ = min  n+4−r14r  , n+r1−44r  , n+4−r14r , the lemma is proved for
this case.
Case II: Here we take n ≡ 3 (mod 4). Let τ be a mapping on {0, 1, . . . , n− 1}, defined by
τ(2i) =

i
2
, if i ≡ 0 (mod 2),
n+ 1
4
+ i− 1
2
, if i ≡ 1 (mod 2), for i = 0, 1, . . . , n− 1
2
,
and τ(2i+ 1) = τ(2i)+ n+ 1
2
, for i = 0, 1, . . . , n− 3
2
.
Similar to Case I, we check that τ is a permutation of {0, 1, . . . , n− 1}. Suppose xi = vτ(i), for all i ∈ {0, 1, . . . , n− 1}. Since
d(u, v) =

dCn (u,v)
r

, we have the following
d(xi, xi+1) =


n− 1
2r

, if i ≡ 0 (mod 2),
n+ 1
4r

, if i ≡ 1, 3 (mod 4),
d(xi, xi+2) =


n+ 1
4r

, if i ≡ 0, 1 (mod 4),
n− 3
4r

, if i ≡ 2, 3 (mod 4),
d(xi, xi+3) =


n− 3
4r

, if i ≡ 0 (mod 4),
n+ 5
4r

, if i ≡ 2 (mod 4).
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Since
 n−1
2r
 = q, p = min  n+14r  ,  n−34r  and p′ = min  n+14r  ,  n−34r  ,  n+54r , the lemma holds for this case.
Case III: Here we consider n ≡ 1 (mod 4). We define a mapping τ on {0, 1, . . . , n− 1} as
τ(2i) =

i
2
, if i ≡ 0 (mod 2),
n− 1
4
+ i− 1
2
, if i ≡ 1 (mod 2),
τ (2i+ 1) =

τ(2i)+ n− 1
2
, if i ≡ 0 (mod 2),
τ (2i)+ n+ 1
2
, if i ≡ 1 (mod 2),
=

i
2
+ n− 1
2
, if i ≡ 0 (mod 2),
i− 1
2
+ n+ 1
2
, if i ≡ 1 (mod 2),
τ (n− 1) = 3(n− 1)
4
,
where i ∈ {0, 1, . . . , n−32 }. Here also we can check that τ is a permutation of {0, 1, . . . , n − 1}. Suppose xi = vτ(i), for all
i ∈ {0, 1, . . . , n− 1}. Since d(u, v) =

dCn (u,v)
r

, we have the following
d(xi, xi+1) =


n− 1
2r

, if i ≡ 0 (mod 2),
n− 1
4r

, if i ≡ 1 (mod 4),
n+ 3
4r

, if i ≡ 3 (mod 4),
d(xi, xi+2) =


n− 1
4r

, if i ≡ 0, 3 (mod 4),
n+ 3
4r

, if i ≡ 1 (mod 4),
n− 5
4r

, if i ≡ 2 (mod 4),
d(xi, xi+3) =


n− 1
4r

, if i ≡ 0 (mod 4),
n+ 5
4r

, if i ≡ 2 (mod 4).
Since
 n−1
2r
 = q, p = min  n−14r  ,  n+34r , p′ = min  n+34r  ,  n−54r  ,  n−14r  ,  n+54r , the lemma holds in this case
also. 
In the theorem below, we give an upper bound for radio k-chromatic number of C rn .
Theorem 3.8. The following is an upper bound of radio k-chromatic number of C rn .
(a) For the integer k with p+ p′ − 2 6 k 6 q− 1,
rck(C rn) 6

(k+ 1)n− 2
2
− n
4
 n
4r

− n− 4
4

n− 4
4r

, if n ≡ 0 (mod 4),
(k+ 1)n− 1
2
− n− 1
4

n− 1
4r

− n− 1
4

n− 5
4r

, if n ≡ 1 (mod 4),
k+ 1−

n− 2
4r

n− 1
2

, if n ≡ 2 (mod 4),
k+ 1−

n− 3
4r

n− 1
2

, if n ≡ 3 (mod 4).
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(b) For the integer k with 2 6 k 6 p+ p′ − 3,
rck(C rn) 6

k
2

n− 1
2

,
where p and p′ are as given in Definition 3.6 and q is the diameter of C rn .
Proof. Let x0, x1, . . . , xn−1 be the arrangement of the vertices of C rn as in Lemma 3.7.
(a) Here we consider the integer kwith p+ p′ − 2 6 k 6 q− 1. Define a coloring f of C rn as
f (x0) = 0,
f (x2i) =

f (x2i−2)+ (k+ 1− p′), if i ≡ 0 (mod 2),
f (x2i−2)+ (k+ 1− p), if i ≡ 1 (mod 2), 1 6 i 6

n− 1
2

,
f (x2i+1) = f (x2i), for 0 6 i 6

n− 2
2

.
Note that, f (xj+1) > f (xj) for all j ∈ {0, 1, . . . , n− 2}, and for every even integer j, f (xj) = f (xj+1). To show that f is a radio
k-coloring, it is sufficient to verify that f (xi)− f (xj) > k+ 1− d(xi, xj)with i > j. First, we show that f (xj+4)− f (xj) > k, for
all j ∈ {0, 1, . . . , n− 5}. For even integer j, the definition of f gives
f (xj+4)− f (xj) = f (xj+4)− f (xj+2)+ f (xj+2)− f (xj),
=

(k+ 1− p′)+ (k+ 1− p), if j ≡ 0 (mod 4),
(k+ 1− p)+ (k+ 1− p′), if j ≡ 2 (mod 4),
= 2(k+ 1)− p− p′,
> k, because k > p+ p′ − 2.
Thus for even integer jwith 0 6 j 6 n− 5,
f (xj+4)− f (xj) > k. (7)
For odd integer j,
f (xj+4)− f (xj) = f (xj+3)− f (xj−1) > k, from (7).
Therefore for any integer j,
f (xj+4)− f (xj) > k. (8)
Now for any integer iwith i > j+ 4,
f (xj+4)− f (xj) > f (xj+4)− f (xj) > k, from (8).
Next we show that f (xi)− f (xj) > k+ 1− d(xi, xj) for i ∈ {j+ 1, j+ 2, j+ 3}, that is j < i 6 j+ 3. The definition of f gives
f (xj+1)− f (xj) =
0, if j ≡ 0 (mod 2),
k+ 1− p, if j ≡ 1 (mod 4),
k+ 1− p′, if j ≡ 3 (mod 4),
f (xj+2)− f (xj) =

k+ 1− p, if j ≡ 0, 1 (mod 4),
k+ 1− p′, if j ≡ 2, 3 (mod 4),
f (xj+3)− f (xj) =
k+ 1− p, if j ≡ 0 (mod 4),
k+ 1− p′, if j ≡ 2 (mod 4),
f (xj+3)− f (xj−1) > k, if j ≡ 1, 3 (mod 4).
These differences together with the lower bounds of d(xi, xj) obtained in Lemma 3.7, give f (xi) − f (xj) > k + 1 − d(xi, xj)
for i ∈ {j+ 1, j+ 2, j+ 3}. Hence f is a radio k-coloring of C rn and the span of f is given by
f (xn−1) =

(k+ 1− p)n
4
+ (k+ 1− p′)n− 4
4
, if n ≡ 0 (mod 4),
(k+ 1− p)n− 1
4
+ (k+ 1− p′)n− 1
4
, if n ≡ 1 (mod 4),
(k+ 1− p)n− 2
4
+ (k+ 1− p′)n− 2
4
, if n ≡ 2 (mod 4),
(k+ 1− p)n+ 1
4
+ (k+ 1− p′)n− 3
4
, if n ≡ 3 (mod 4).
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Fig. 1. An antipodal coloring of C218 .
Fig. 2. An antipodal coloring of C323 .
Substituting the values of p and p′, we get the desired result.
(b) Here we consider the integer kwith 2 6 k 6 p+ p′ − 3. In this case, we define a coloring f of C rn as
f (x0) = 0,
f (x2i) = f (x2i−2)+

k
2

, for 1 6 i 6

n− 1
2

,
f (x2i+1) = f (x2i), for 0 6 i 6

n− 2
2

.
Note that, f (xj+1) > f (xj) for all j ∈ {0, 1, . . . , n− 2}, and for every even integer j, f (xj) = f (xj+1). To prove that f is a radio
k-coloring, it is sufficient to show f (xi) − f (xj) > k + 1 − d(xi, xj) with i > j. From the definition of f , it is clear that for all
j ∈ {0, 1, . . . , n − 5}, f (xj+4) − f (xj) = 2
 k
2

, which is at least k. In the similar way as in part (a) of this theorem one can
check that f (xi)− f (xj) > kwhen i > j+ 4. Next we show f (xi)− f (xj) > k+ 1− d(xi, xj) for i ∈ {j+ 1, j+ 2, j+ 3}. From
Definition 3.6, it is clear that p = p′ or p = p′+1. Now, k 6 p+ p′−3 and p 6 p′+1 give that k 6 2p′−2 or k2 +1− p′ 6 0.
Adding k2 on both sides of
k
2 + 1− p′ 6 0, we get k+ 1− p′ 6 k2 . Again using p > p′ and k+ 1− p′ 6 k2 we get k+ 1− p 6 k2 .
From the definition of f , it is clear that
f (xj+1)− f (xj) =

0, if j ≡ 0 (mod 2),
k
2

, if j ≡ 1 (mod 2),
f (xj+2)− f (xj) =

k
2

,
f (xj+3)− f (xj) =


k
2

, if j ≡ 0 (mod 2),
f (xj+3)− f (xj−1) > k, if j ≡ 1 (mod 2).
Since the value of k + 1 − p and k + 1 − p′ are at most k2 , the above differences together with the lower bound of d(xi, xj)
obtained in Lemma 3.7, give f (xi)− f (xj) > k+ 1− d(xi, xj), for i ∈ {j+ 1, j+ 2, j+ 3}. Hence f is a radio k-coloring of C rn
with the span
 k
2
  n−1
2

. 
Example 3.9. Here we illustrate the coloring technique of C rn involved in Theorem 3.8(a). In Fig. 1, we give an antipodal
coloring of C218. Here k = 4, n ≡ 2 (mod 4), p = 2 and p′ = 2. Thus {τ(i): i = 0, 1, . . . , 17} = {0, 9, 5, 14, 1, 10,
6, 15, 2, 11, 7, 16, 3, 12, 8, 17, 4, 13} and xi = vτ(i) for 0 6 i 6 17. Then an antipodal coloring of C218 is obtained from
Theorem 3.8(a) as follows f (v0) = 0 = f (v9), f (v5) = 3 = f (v14), f (v1) = 6 = f (v10), f (v6) = 9 = f (v15), f (v2) =
12 = f (v11), f (v7) = 15 = f (v16), f (v3) = 18 = f (v12), f (v8) = 21 = f (v17), f (v4) = 24 = f (v13). In Fig. 2,
we give an antipodal coloring of C323. Here k = 3, n ≡ 3 (mod 4), p = 2 and p′ = 2. Thus {τ(i): i = 0, 1, . . . , 22} ={0, 12, 6, 18, 1, 13, 7, 19, 2, 14, 8, 20, 3, 15, 9, 21, 4, 16, 10, 22, 5, 17, 11} and xi = vτ(i), for 0 6 i 6 22 and we get an
antipodal coloring of C323 from Theorem 3.8(a).
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In the following theorem, we summarize the value of antipodal number of C rn for different values of n and r which follows
immediately from Theorems 3.5 and 3.8.
Theorem 3.10. For n = 2rq− r ′ and r ′ = −1, 0, 1, . . . , 2r − 2,
rcq−1(C rn) =


n− 1
2

q− 1
2

, if q is an odd integer and r ′ 6 2r − 6,
n− 2
2

q+ 1
2

, if q is an odd integer and r ′ = 2r − 2,
n− 1
2

q
2
, if q is an even integer and r − 2 6 r ′ 6 2r − 2,
where q is the diameter of C rn . 
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